We compute the action of a static magnetic field on a current loop. From this we recover the definition of m as given in textbooks. The presentation is accessible to undergraduate students with a knowledge of the basic notions of classical electromagnetism.
In this paper, which is of pedagogical character, we want to follow the opposite path. Namely, we want to start from the action of a magnetic field on a current loop and then show how we recover the definition of m. This is usually not discussed in textbooks enough, so it seems worth examining it in some detail here. It is also a nice exercise in vector analysis.
Let us consider a stationary current i flowing in a coil which is immersed in a static uniform magnetic field B. This assumption is not too restrictive because usually the coil is small, being in a region where the space dependence of the field is negligible. Due to the presence of the Lorentz force, we know that there is a force exerted on the wire described by the Laplace formula:
The integral is along the wire made of elements dr which follow the orientation set to define the current i. We note that, as i and B are constant, we can bring them outside the integral, and remembering that the vector product is anticommutative, we can write more elegantly
On the other hand in (2) we have the circulation of a differential, which is zero, as is well known. Or, if we prefer, we can think of the integral as the sum of infinitesimal vectors one after the other which, starting from a certain point, bring us back to it; the resulting vector is zero. Therefore, we conclude that in a uniform field, the resulting force on a coil is zero regardless of the shape of the coil itself.
Nevertheless, the coil could be under the action of forces which have resulting torque M different from zero. We must then compute
where r is a vector which starts at a certain fixed point O and ends at each point of the wire. M does not depend on the choice of O because we know from mechanics that this is true when a system of force adds to zero, as in our case. Remembering the formula for the double vector product, we obtain
The second term is zero, as it is proportional to the circulation of a differential:
As M depends linearly on B we can write in terms of components
where a is a certain matrix depending on the geometry (and the current flow) of the coil only. We note that M is certainly orthogonal to B: namely, scalar multiplying by
because, as before, we have the circulation of a differential. The fact that M is orthogonal to B lets us write (sum over repeated indexes understood)
Due to the arbitrariness of the symmetric term B i B k , it follows that a is an antisymmetric matrix:
On the other hand, we know that any antisymmetric matrix can be written (in three dimensions) as
where the m j are the components of a certain vector m which we define as magnetic moment of the coil. From (6) and (9) we obtain
or, in vector notation,
From (5) and (11) we thus write
We can solve this equation to obtain m. To this end it is useful to write (12) in terms of components, namely Figure 1 . The area of the shaded region is half the modulus of the vector product r × dr.
Dropping the common factor B k in (13) we get
from which we obtain m l contracting with ε lki :
that is
We see that m is proportional to the current i flowing in the coil, and apart from that, it obviously depends only on the geometry of the coil. We can also verify that m is independent of the point O we started our calculation with. In fact, had we started with another point O we would have obtained r = r + a with a a constant vector:
but the second term is zero because, once again, we have the circulation of a differential. In the case of a plane coil, (17) becomes the well-known expression
where n is the unit vector orthogonal to the plane of the coil following the right-hand rule with respect to the direction set to define the current and A is the area enclosed by the coil itself, as illustrated in figure 1 .
We thus see that our definition of m, obtained starting from the effect of forces on a coil, coincides with the definition given in textbooks, starting from the requirement of describing the long distance limit of the field produced by a steady current flowing in a small loop of wire.
